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Abstract
Exact global solutions of ve-dimensional cosmological models compactied on an S1/Z2
orbifold with two 3-branes are presented in which the matter on the branes is a perfect fluid,
the bulk is empty, and no cosmological constants are added in the bulk and on the branes.
Unlike previous prediction, the exact solutions turn out to be, at low energy, in agreement
with the conventional cosmology such as H / pρ, with an exception that the universe
started not from a big bang but from a big bounce.
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space. While gravity can freely propagate in all dimensions, the standard matter particles
and forces are conned to the 3-brane. Binetruy, Deayet and Langlois (BDL) have stud-
ied [4] a ve-dimensional brane cosmology and pointed out that the equation governing the
cosmological evolution of the brane is dierent from the corresponding Friedmann equation
of standard cosmology. For example, the relation between the Hubble parameter H and the
energy density ρ on the brane is H / ρ, rather than H / pρ as in the conventional cos-
mology. This unconventional character of brane cosmology is inconsistent with cosmological
observations such as the nucleosynthesis [4], and therefore has received extensive discussions
[5]. Be aware that, because the lack of a general exact global solution to describe the buck
and the branes as a whole, BDL’s prediction was mainly based on the analysis of the local
elds in the vicinity of the branes only. In this paper, we wish to derive the exact global
solutions of the BDL-type brane cosmological models, in which the matter on the two branes
is a perfect fluid, the bulk is empty, and no cosmological constants are added in the bulk
and on the branes. We will show that, contrary to BDL’s prediction, the exact global so-
lutions turn out to be in a good agreement with the conventional standard cosmology such
as H / pρ at low energy, with an exception that the Big Bang singularity is replaced by a
Big Bounce. We will also see that the two branes can evolve with the same rate and contain
mass densities with the same sigh and even the same magnitude, i.e., ρ1 = ρ2 > 0.
Our starting point is a wide class of exact cosmological solutions to the ve-dimensional
vacuum equations. This class of solutions was originally presented by Liu and Mashhoon [6].
The bang/bounce properties were studied recently by Liu and Wesson [7], and discussed by
others [8]. The 5D metric for the solutions is
dS2 = B2dt2 −A2
(
dr2




where B = B(t, y) and A = A(t, y) are two scale factors, k(= 1 or 0) is the 3D curvature
index, and dΩ2  (dθ2 + sin2 θdφ2). The general solutions of the 5D vacuum equations




















where an overdot denotes partial derivative with respect to t, µ = µ(t) and ν = ν(t) are
two arbitrary functions, and K is a 5D curvature constant related to the square of the
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(in which dierent notations were used); or one can substitute (3) into RAB directly (which
is complicated); or one can use computer programs such as MAPLE or GRTensor.
Because solutions (3) satisfy the 5D vacuum equations (2), we can use them as bulk
solutions of the BDL-type brane models. Note that we can change y to −y without violating
the validity of (3) as exact solutions of (2). Therefore, to obtain brane models we use the























TAB = δ(y) diag (ρ1,−p1,−p1,−p1, 0)
+δ(y − y2) diag (ρ2,−p2,−p2,−p2, 0) , (6)
where k2(5) = 8piG(5). Here the rst brane is at y = y1 = 0 and the second is at y = y2 > 0.
In the bulk we have TAB = 0 and then GAB = 0, so equations (6) are satised by (5). On
the branes we have to solve the equations (6) as follows.































 = 0 , (8)















































































2 [p1δ(y) + p2δ(y − y2)] . (10)
According to Israel’s jump conditions, the two scale factors A and B are required to be con-
tinuous across the two branes. Their rst derivatives with respect to y can be discontinuous
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where A1  A(t, y = y1 = 0) and A2  A(t, y = y2). Then, using (12) and the second
equation in (5), i.e., B =
.










































So the jumps of A0 and B0 across the two branes are


































Substituting (14) in the eld equations (7) and (10), we obtain




































































conservation law T BA ;B = 0 gives
.




= 0 , i = 1, 2 . (17)
This relation can also be veried directly by substituting (15), (16) and (5) into (17) as
expected.
From the 5D metric (1) we see that on a given y = constant 4D hypersurface the proper
time can be dened as dτ = B(t, y)dt. So the Hubble and deceleration parameters can be
dened as



























where we have used the relation B =
.
A /µ in (5). Meanwhile, the rst equation in (5) for
the branes can be written as
(µ2 + k)A2i =
[
(µ2 + k)yi − ν
]2
+ K , i = 1, 2 . (19)










, i = 1, 2 , (20)







ρi (ρi + 2pi)− K
A4i
, i = 1, 2 . (21)
These equations are the induced Friedmann equations on the branes. Recall that K in these
two equations is an arbitrary constant related to the 5D curvature via (4). This K-term was
neglected in BDL’s paper [4] and discussed by many others [9]. Here we note that the two
terms in the RHS of (20) evolve dierently. In a specic era of the universe the rst term
could be negligible compared with the K-term. So the K-term could be proportional to ρi.
Then (20) and (21) could agree with the standard Friedmann equations at low energy as we
will see in the following.









where 8piG(4) = k
2
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R5 is of the order of the fth dimension radius, so Ci = HiR5 can be interpreted as the ratio
of the fth dimension radius over the Hubble radius. We wish this ratio to be very small, so
we must have Ci  1. Meanwhile, it is expected that the density parameter Ωi is of order
1. Therefore, the rst term in the RHS of (23) is negligible compared to the second term.








So we get an observation constraint at low energy:
ν2(t)  K and K > 0 . (25)
To give an explicit example of the Universe model satisfying this observational con-
straint, we choose







, µ(t) = (2Lt)−1/2 , (26)
where L is a constant with a dimension of length and tb (we assume tb > 0) is a critical
constant with a dimension of time. In this way the constraint (26) is satised for late times

















( jyj − 2tb
2t
)2 . (27)


























































6 (y2 − 2tb)
4t2 + (y2 − 2tb)2
,
k2(5) p2 =
4 (y2 − 2tb)
4t2 − (y2 − 2tb)2
− 2 (y2 − 2tb)
4t2 + (y2 − 2tb)2
. (29)
We see that to have a positive energy density ρ2, we must have tb < y2 /2. So the constant
tb should be of the order of the fth dimension radius. Then we nd that for t  tb, both
B1 and B2 tend to 1 and A1 and A2 tend to
√
2t/L, which represents a radiation-dominated
universe in the standard cosmology. Meanwhile, on the two branes, the critical density ρc















4t2 + (jy2j − 2tb)2
, Ω2 = 2 (y2 − 2tb) k2(4)
/
k2(5) . (30)
If we furthermore choose



















































k2(4) as given before. Thus we obtain a completely symmetric two brane
model in which ρ1 = ρ2 and p1 = p2, contrasting sharply with the result in BDL’s paper [4],
in which they obtained ρ1A1 = −ρ2A2. We also see that for t tb the two branes evolve at
the same rate as is in the radiation-dominated standard cosmology.
7
( , y) ( , y)
special solution (28) we nd that B1 ! 0 and A1 ! 2
√
tb/L for t! tb, and where the energy
density ρ1 is nite and the pressure p1 is innity. When t varies from 0 to tb and then to +1,
the spatial scale factor A1(t) contracts from +1 to a minimum Amin = 2
√
tb/L > 0 and
then expands to +1 again. Thus t = tb represents a new kinds of cosmological singularities
which diers from the Big Bang and can be interpreted as a Big Bounce. We also nd














(as t! 0) . (33)










(as τ ! −1) , (35)
which represents a de Sitter deflationary cosmological model. Be aware that t = 0 corre-
sponds to τ = −1. Therefore we conclude that according to the proper time τ , the universe
on the rst brane was existed forever and contracts from a de Sitter vacuum to a non-zero
minimum, at which the pressure p reaches to innity and causes a big bounce. After then,
the universe expands.
From (29) we see that similar discussions and conclusions apply for the second brane,
for which the Big Bounce occurs at t = jtb − y2 /2 j. For the completely symmetric model
(32), the two Big Bounces occur at the same time at t = tb on both branes.
In conclusion, we have derived a class of exact global solutions of ve-dimensional cos-
mological models with two 3-branes, for which the matter on the branes is of the form of a
perfect fluid, the bulk is empty, and no cosmological constants were introduced. It is found
from the global properties of the solutions that the equations governing the evolutions of
the branes could be analogous with the conventional cosmology such as with H / pρ. An
explicit special solution is given for which both the two branes expand, for t  tb, at the
same rate as in the radiation-dominated conventional cosmology. For 0 < t  tb, the two
branes contracts like a de Sitter cosmology. At the time t = tb, there was a Big Bounce,
rather than a Big Bang in the conventional cosmology. From equations (27) we can see that
this kind of Big Bounces could also be happened in the bulk.
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